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Modeling Near-Wall Effects in Axially Rotating
Pipe Flow by Elliptic Relaxation
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and

H. I. Andersson† and A. S. Brunvoll‡
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The ability to faithfullyreproduce the effect of axial rotationon fully developed turbulentpipe � ow is investigated
using a low-Reynolds-number, second-momentclosuremodel. In particular, the impactof thepressure–strainmodel
is scrutinized by adopting both linear and nonlinear models. Near-wall effects are modeled by elliptic relaxation,
and model predictions are veri� ed againstdirect numerical simulations as well as experimental results. The results
suggest that pressure-strain models cubic in the Reynolds stresses seem unsuitable for this particular case, whereas
the best overall performance is obtained by a model that retains terms quadratic in the Reynolds stress tensor.
However, the stabilizing effect of the imposed axial rotation on the turbulence is in general overpredicted by the
models.

Nomenclature
A = anisotropy parameter, 1 ¡ 9

8 .A2 ¡ A3/
A2 = second Reynolds stress invariant, ai j ai j

A3 = third Reynolds stress invariant, aik ak j a ji

ai j = Reynolds stress anisotropy, u i u j=k ¡ 2±i j =3
C i j = convective transport of ui u j

d p
i j = pressure diffusion of ui u j

dt
i j = turbulent diffusion of ui u j

d º
i j = viscous diffusion of u i u j

fi j = intermediate variable, }i j=k
k = turbulent kinetic energy, 1

2
u i u i

L = characteristic turbulent length scale
N = rotation number, Uµ;wall=Ub

P = mean pressure
Pi j = shear generation of ui u j

p = � uctuating pressure
R = pipe radius
Re = Reynolds number, 2RUb=º
Re¤ = Reynolds number, 2Ru¤=º
r = radial direction de� ned in Fig. 1
Si j = mean rate of strain, 1

2 .@Ui=@x j C @U j=@xi /
T = characteristic turbulent timescale
Ub = mean bulk velocity
Ui = mean velocity component in xi direction
Uµ;wall = circumferentialwall velocity
u i = velocity � uctuation in xi direction
u¤ = wall friction velocity,

p
.¿w=½/

u i u j = kinematic Reynolds stress
xi = spatial coordinate, .x1; x2; x3/ D .r; µ; z/
y = distance measured from the wall
yC = inner variable, u¤ y=º
z = axial direction de� ned in Fig. 1
±i j = Kronecker delta
" = energy dissipation rate, 1

2
"ii

O" = modi� ed dissipation rate,
p

."2 C 82/
"i j = dissipation rate tensor
µ = circumferential direction de� ned in Fig. 1
¸ = friction factor, 8.u¤=Ub/2
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¹ = dynamic viscosity
º = kinematic viscosity
½ = density
¿w = wall shear stress in axial direction, ¹ dUz=dr
Ái j = pressure–strain interactions
8 = mean viscous dissipation function, 2ºSi j Si j

}i j = relaxed pressure–strain tensor

Introduction

T URBULENT � ows affected by centrifugal and Coriolis forces
are frequently encountered in engineeringapplicationsas well

as in nature. These body forces are known to considerablyalter the
mean � ow� eld and the intensityand structureof the turbulence.Be-
cause the engineering approach to � uid � ow calculations is based
on the Reynolds-averagedNavier–Stokes equations, the success of
any computational� uid dynamics analysis relies heavily on the tur-
bulencemodel embodied in the actual computer code. It is therefore
unfortunate that the widely used k-" model, like any other turbu-
lence model that utilizes Boussinesq’s linear stress–strain relation-
ship, is unable to naturally account for these effects. The effects
of centrifugal and Coriolis forces are, on the other hand, automati-
cally accountedforwithin the frameworkof second-momentclosure
(SMC) modeling, which is based on the exact transport equations
governing the individual Reynolds-stress components.

Turbulent � ow inside an axially rotating pipe not only is of the-
oretical interest but also has some direct practical applications,
e.g., the internal cooling in turbomachinery. Another very inter-
esting feature of this particular � ow� eld is the analogieswith three-
dimensional boundary layers, which are of considerable practical
importance in industry.Kikuyama et al.1 studied experimentallythe
� ow in the entry region of a rotating pipe, and Yoo et al.2 predicted
this � ow with a number of different closure models, including two
near-wallSMC models. Yoo et al.2 concludedthat closuresthat take
into account the anisotropy of the turbulence are required to faith-
fully predict this particular � ow and, moreover, that the turbulence
near the wall is not in equilibrium. The latter observation conse-
quently implies that the commonly used wall-function approach
should be abandoned. In spite of the simple geometry, the develop-
ing � ow is three dimensional and rather complex and thus provides
a severe test for any turbulence closure.

Murakami and Kikuyama,3 Kikuyama et al.,4 Reich and Beer,5

and Imao et al.6 studiedexperimentallythe effectof axial rotationon
fully developedturbulentpipe � ow. Hirai et al.7 employed threedif-
ferent turbulencemodels: two based on the eddy-viscosityhypothe-
sis and one full SMC model. Althoughtheir numericalcomputations
used the wall-function approach, they reached the same conclusion
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as Yoo et al.,2 namely, that an anisotropic closure model is re-
quired. This � ow has more recently been calculated by Shih et al.8

and Wallin and Johansson9 using algebraic Reynolds-stress mod-
els (ARSM) with a cubic nonlinearity,whereas Malin and Younis10

and Speziale et al.11 used full SMCs with both linear and nonlinear
pressure–strain models. In the latter studies, wall functions were
used to bridge the semiviscous sublayer adjacent to the wall.10;11

Malin and Younis10 noted, however, that “the wall-function ap-
proach becomes unsuitable at high rotation rates, as near-wall vis-
cous effects become pervasive due to the fact that the � ow, being
subjected to large wall rotation, changes its direction very rapidly
in the thin near-wall layer.” Moreover, because the mean circumfer-
ential (swirl) velocity is generated by the secondaryReynolds shear
stressur uµ , the model calculationsby Speziale et al.11 demonstrated
that “the generation of a non-zero mean swirl velocity is largely a
near-wall effect at high Reynolds numbers.” For certain parameter
combinations (rotation and Reynolds numbers), the turbulent � ow
in an axially rotating pipe can be satisfactorily described with a
suitable closure in combination with the wall-function approach.
For general applicability, however, a low-Reynolds-numbermodel
should be employed so that boundary conditions are imposed at the
wall itself rather than at a wall-adjacent computationalnode.

An outstanding feature of the fully developed case as compared
with the entry � ow is that the mean � ow� eld can be considered as
one dimensionaland two componential.The set of governingequa-
tions thus reduces to a set of ordinary differentialequations(ODEs)
that can be solved numericallyto practicallyany degree of accuracy,
and the true performance of the closure model is revealed. In con-
trast to its laminarcounterpart,themean axial velocitycomponentin
turbulent pipe � ow is dependent on the imposed axial rotation. Fur-
thermore, the centrifugalforce caused by the superimposedcircum-
ferential velocity has a stabilizing effect on the turbulence across
the entire pipe, and the turbulent momentum transfer is therefore
strongly suppressed. The present study focuses on the assessment
of a near-wall model developed by Durbin.12 This SMC model has
recently proven successful in predicting unidirectionalmean � ows
subjected to system rotation13 and streamline curvature.14 The per-
formanceof thisstate-of-the-artmodelis exploredin fullydeveloped
pipe � ow subjected to constant axial rotation.

Substantial advances in SMC modeling havebeen made in recent
years, notably the evolutionof closuremodels free of wall distances
and wall normals. This particular feature makes these models ap-
plicable to � ows with geometricallycomplex boundaries. The very
important pressure–strain interaction term is the focus of much of
the research efforts at this closure level, especially its mean-strain
contribution. The objective of the present study is to investigate
whether nonlinearpressure–strain models, used in conjunctionwith
the relaxation approach12 to model near-wall effects, can improve
the predictions as compared with a pressure–strain model that is
linear in the Reynolds stresses. Model predictions will be veri� ed
against recent experimental results reported by Imao et al.6 and di-
rect numerical simulation (DNS) data.15 ;16

Mathematical Model
Consider fully developed turbulent pipe � ow subjected to axial

rotation (Fig. 1). The mean � ow� eld is assumed to be one dimen-
sional and two componentialso that the two nonzeromean velocity

Fig. 1 Schematic of � ow con� guration.

components U D f0; Uµ .r/; Uz.r/g are homogeneous in the axial z
and circumferentialµ directions.The equationsgoverningthe mean
momentum can be written as
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for a constantproperty� uid in a cylindricalcoordinatesystem.Here,
the mean pressure P D P.r; z/ decreases linearly in the axial direc-
tion such that @ P=@z is a negative constant. The a priori unknown
Reynoldsshear stresses,¡½ur uz and ¡½ur uµ , can be obtainedfrom
the transportequationgoverningthe kinematicReynolds-stressten-
sor ¡u i u j , which can be written as
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where the relaxed pressure–strain tensor is de� ned as
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in Cartesian tensor notation.
Turbulent diffusion is modeled by gradient diffusion as
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whereas the pressure-diffusionterm is modeled as
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followingFu.17 However, becausethe pressure-diffusionterm origi-
nally was intended for isotropic turbulence, the coef� cient C¤

K D
0:4ACK is made a functionof the stress anisotropyparameterA. The
objective for adopting Eq. (6) is to decrease the turbulent timescale
k=" to reduce the turbulent kinetic energy level in the pipe core,
which otherwise is substantially overpredicted. The timescale T is
taken as12 T D max[k="; 6

p
.º="/]. The dissipation-rate tensor is

assumed to be isotropic in the limit of homogeneous turbulence,
i.e., "i j D 2

3
±i j ", and the relaxed pressure–strain tensor takes its

homogeneous form }h
i j D Ái j C "ai j . Nonlocal effects on }i j , as-

sociated with the proximity of a solid boundary, are modeled by
elliptic relaxation12:

L2r2 fi j ¡ fi j D ¡}h
i j k .7/

where fi j D}i j=k and L DCL max[k3=2=";C´.º3="/
1=4

]. The present
study adopts a somewhat modi� ed form13 of the turbulent length
scale when the relaxation equation is used in conjunctionwith non-
linearpressure–strainmodels, i.e., L D QCL max[k3=2="; QC´.º3=O"/

1=4],
where the coef� cients QCL D CL A1=2

2 and QC´ D C´ A¡1=2
2 expf¡[.1C

A3/=.0:1 C A2/]2g have been made functions of the second A2 and
third A3 Reynolds-stressinvariants.To preventexcessivevaluesof L
close to a solidboundaryif the � ow is relaminarized,13 the scalardis-
sipationrate in Kolmogorov’s lengthscalewas furthermorereplaced
by O" D ."2 C 82/

1=2
, where 8 D 2ºSi j Si j is the mean viscous dis-

sipation function. In the nonrotatingcase N D 0, the dimensionless
dissipation rate "C ´ "º=u4

¤ equals "=8 at the pipe wall. Because
"C is about 0.25 in turbulent pipe � ow (cf. Ref. 15), the modi� ed
dissipation rate O" becomes substantially greater than " in the im-
mediate vicinity of the wall. However, the subsequent reduction of
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Table 1 Model constants

Model C"1 C"2 C" CK CL C´

IP 1.44 1.90 0.14 0.19 0.20 80.0
SSG 1.40 1.83 0.19 0.21 0.21 424
RLA 1.44 1.85 0.14 0.19 0.18 647
FLT 1.44 1.85 0.19 0.21 0.33 700

Kolmogorov’s length scale close to the solid boundary is compen-
sated by numerically increasing the product QCL

QC´ . As discussed by
Pettersson and Andersson,13 the replacement of " by O" purposely
affects the predictions.

The present study adopts four different models for the pressure–

strain tensor Ái j : 1) the linear isotropization-of-production model
in which the convective transport Ci j is included (for example,
Ref. 14); 2) the model by Speziale et al.,18 which is quadratic in
the Reynolds-stress tensor; and, � nally, the two cubic models by 3)
Ristorcelli et al.19 and 4) Fu et al.20 These are hereafter denoted IP,
SSG, RLA, and FLT, respectively.Inclusionof the convectivetrans-
port Ci j in the IP model is believed to be important in predictionsof
� ows severely affected by streamline curvature or system rotation.
Note that the inclusion of Ci j does not alter the frame indifferent
propertyof the original IP model and is thereforenot strictly needed
to attain an objective model. Nevertheless, inclusion of Ci j seems
in general to improve predictions, and considerable improvements
were indeed observed by Pettersson et al.14 for a Couette � ow case.
The SSG model has proven to outperform the linear IP model for
a variety of � ows and performs equivalently to the RLA model, at
least for simple planar � ows.19 The RLA model has the same tenso-
rial basis as the FLT model but employsvariablecoef� cients that are
functions of the Reynolds-stress invariants. A particularly interest-
ing featureof the RLA model is that it is consistentwith the principle
of material frame indifference in the limit of two-componentialtur-
bulence and thus represents a more general class of pressure–strain
models.

The dissipation rate of turbulent kinetic energy is obtained from
its own modeled transport equation
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which is solved coupled with the model equation governing the
turbulent kinetic energy
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Pressure diffusion is not accounted for in the dissipation-rateequa-
tion (8). Model constants are listed in Table 1.

Numerical Approach
A particularly attractive feature of this model problem is that,

within the framework of transport modeling, the set of governing
equations reduces to a set of ODEs that can be solved numerically
to practically any degree of accuracy. The governing set of equa-
tions consists of two equations for the mean � ow, � ve equations
for the Reynolds stresses .u2

r ; u2
z ; ur uz; ur uµ ; and uµ uz/, together

with their corresponding relaxation equations, and the turbulent
kinetic energy and dissipation rate equations. The circumferential
normal stress component is subsequentlyobtained from the relation
u2

µ D 2k ¡u2
r ¡u2

z . The resultingset of differenceequationsis solved
semi-implicitly as coupled k-" and ui u j - fi j systems by a pseudo-
time-marching scheme until a steady-state solution is reached.
Spatial derivatives are replaced by second-order-accurate, central-
difference approximations.No-slip boundary conditionswere used
at the solid walls together with k D dk=dr D 0 for the k-" system
and fi j D ¡20º2.u i u j /1=."wall y4

1/ if i and/or j is in the wall-normal
direction, fi j D 0 else. Subscript 1 denotes the wall-adjacent com-
putational node, and y is the distance measured from the wall. The
boundary condition for fi j is derived from the local solution of the
model equationgoverningthe wall-normalstress component.u2

r / at

the wall.12 It can readily be seen that the two wall boundary condi-
tions for k are formallyequivalentwith usingk D 0 and " D 2ºk1=y2

1 .
Typically 100 grid points were nonuniformly distributed from the
wall to the axis of the pipe such that the � rst computationalnodewas
situatedat yC ¼ 0:5. Grid independencewas veri� ed by using twice
as many gridpointswithoutany discernibleeffect on the results.The
solution was assumed to have reached a steady state when the sum
of absolute normalized residuals across the pipe, normalized with
the time step, fell below 10¡5 .

Results
Model predictions are compared with DNS data15 ;16 at Re¤ D

3:6 £ 102, which correspondsto Re ¼ 5:3 £ 103, and rotation num-
bers N D 0; 0:32, and 0.61. To examine the effect of the Reynolds
number, comparisons are also made with the experimental results
recently reported by Imao et al.6 at Re D 2 £ 104 and N D 0 and
0.5. For some parameter combinations, however, the calculations
unfortunately failed to converge; cf. Table 2.

Mean Flow Quantities
The predicted mean-velocity distributions are compared with

DNS data and experimental results in Figs. 2 and 3. The mean axial
velocity pro� le is deformed to become more laminarlike due to the
axial rotation. The centerline velocity Uz.r D 0/ in Fig. 2 increases
with rotation number, whereas a reduction can be observed near the
wall. Figure 3 displays the mean circumferential velocity, and both
the DNS data and experimental results indicate a nearly parabolic
distribution, i.e., Uµ / r n , where n ¼ 2, except close to the wall,
where the DNS results exhibit an almost linear variation (n ¼ 1).
The best overall performance is achieved by the SSG model, espe-
cially concerningthe Uµ component.It is noteworthythat both cubic
models (RLA and FLT) failed to converge at the highest Reynolds
number and the former even at the lowest Reynolds number in the
case of N D 0:61. These results are therefore not presented in the
� gures. This surprising failure can be illustratedby the RLA results
in Fig. 3a at N D 0:32, where the predicted Uµ distributiondisplays
the opposite trend as compared with the DNS data; i.e., d2Uµ =dr 2

becomesnegativerather than positive.Althoughthe FLT model pro-
duces the best predictionsof the axial mean-velocitycomponent in
Fig. 2a, the circumferential component in Fig. 3a exhibits a nearly
linear variation similar to that obtained with the simple IP model.
Recall that a strictly linearUµ pro� le correspondsto solid body rota-
tion, i.e., the laminar solutionand the solutionobtainedwith closure
models based on Boussinseq’s linear stress–strain relationship(e.g.,
see Ref. 7).

The centrifugal force caused by the imposed rotation of the pipe
has a stabilizing effect on the turbulence. Because the friction ve-
locity is kept constant in the computations at Re¤ D 3:6 £ 102 , it is
expected that the mean bulk velocity should change with the rate of
rotation. At Re D 2 £ 104 , however, the mean bulk velocity is held
constant in the computations, and this implies that the friction ve-
locity is expected to vary. The stabilizing effect of axial rotation on
fully developedturbulentpipe � ow is summarized in Table 2, where
the friction factor ¸ D 8.u¤=Ub/2 is presented for different rotation
numbers. All models, except RLA, are able to capture the reduction
of ¸ with increasing pipe rotation. Both the IP and SSG models,
however, signi� cantly overpredict this stabilizing effect. The exag-
gerated reduction of the wall friction is fully consistent with the
predictions by Malin and Younis.10 Attempts were also made to
compute the case Re D 2 £ 104 and N D 1:0. However, the stabiliz-
ing in� uence of the rotation completely quenched the turbulence,
and the laminar solution was returned in contrast to the experiments
by Imao et al.6 in which turbulence still prevailed.

Table 2 Friction factor ratio ¸N = 0/¸

N DNS16 Reference 6 IP SSG FLT RLA

0.32 1.11 ND 1.16 1.18 1.04 1.05
0.61 1.22 ND 1.58 1.64 1.20 NC
0.50 NDa 1.20 1.30 1.33 NCb NC

aND: no data available.
bNC: no convergence achieved.
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a) Re ¼ 5:3 £ 103

b) Re = 2 £ 104

Fig. 2 Mean axial velocity: , DNS15;16; !, experiments6; ——, IP;
- - - -, SSG; – - - – , FLT; and — - —, RLA.

Turbulence Quantities
In the present study, all componentsof the Reynolds-stresstensor

are nonzero due to the imposed pipe rotation, whereas the ur uµ and
uzuµ components are zero in a � xed pipe. The mean � ow� eld is
strongly coupled with the off-diagonal components ur uµ and ur uz ;
cf. Eqs. (1) and (2). For instance, rearrangement of Eq. (2) and
subsequent integration gives

º
d

dr

³
Uµ

r

´
D

ur uµ

r
.10/

which shows that solid body rotation is achieved in the absence
of ur uµ . The predicted shear-stress components are compared with
the DNS data in Fig. 4. Note that the level of ur uµ is roughly one
decade below that of the two other shear-stress components, but
ur uµ is nevertheless essential in the determination of Uµ . The ur uµ

component is best predicted by the SSG model, i.e., in accordance
with the excellent results in Fig. 3, whereas the IP and FLT models

a) Re ¼ 5:3 £ 103

b) Re = 2 £ 104

Fig. 3 Mean circumferential velocity. Legends as in Fig. 2.

underpredict the peak close to the wall and consequently also the
slope in the pipe core. The anomalous prediction of Uµ obtained
with the RLA model can now be explainedby the results in Fig. 4a
at N D 0:32. Because the model returns a negativeur uµ component,
an opposite effect of the turbulence on the circumferential mean-
velocity component is to be expected; i.e., the turbulence tends to
increase the mean velocity as compared with the laminar solution
instead of reducing it. A possible explanation of this erroneous be-
havior will be given in the Discussion. Moreover, the right-hand
side of Eq. (10) is substantially reduced near the pipe wall, thereby
explaining the almost linear variation of Uµ in the near-wall region
(see Fig. 3a) obtained with all models.

In the nonrotating pipe (N D 0), ur uz is the only nonzero off-
diagonal component of the Reynolds-stress tensor, and this com-
ponent alone determines the Uz pro� le; cf. Eq. (1). In accordance
with the predicted axial mean velocity in Fig. 2a, the predicted dis-
tribution of ur uz obtained by the FLT model (Fig. 4b) is in closest
correspondencewith the DNS data, especiallyat the highest rotation
number. Because all models predict uzuµ < 0, as shown in Fig. 4c,
the presence of the term 2uzuµ Uµ =r in the ur uz transport equation
causes a reduction of the ur uz component when the pipe is rotated
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a)

b)

c)
Fig. 4 Turbulent shear stresses. Legends as in Fig. 2.

and, consequently, a more laminarlike mean axial velocity pro� le.
However, becausetheFLT model returns the lowest level of the uzuµ

component, less reductionof the ur uz stress can be expected.A sim-
ilar trend is also observedat the highest rotation number (not shown
here). The striking difference between the model predictions and
the DNS data will be addressed in the Discussion. The somewhat
overestimatedstabilizationcausedby the imposed axial rotationcan
therefore most likely be ascribed to the uzuµ component.

a)

b)

Fig. 5 Axial and radial rms distribution. Legends as in Fig. 2.

Fig. 6 Turbulent kinetic energy at Re = 2 £ 104: symbols, experi-
ments6; ——, IP; - - - -, SSG; , N = 0:0; and , N = 0:5.

The rms distributions of the axial and radial normal stress com-
ponents are shown in Fig. 5. The model predictions compare rea-
sonablywell with the DNS data in the nonrotatingcase,whereas the
turbulentenergy level is signi� cantly overpredictedin the pipe core
at N D 0:32. This tendency is even more pronouncedat higher rota-
tion rates. Figure 6 displays the turbulentkinetic energy distribution
at Re D 2 £ 104 and N D 0 and 0.5. In contrast to the experimen-
tal results,6 which showed that the turbulent kinetic energy in the
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Fig. 7 Structural parameter at Re = 2 £ 104: symbols, experiments6;
——, IP; - - - -, SSG; , N = 0:0; and !, N = 0:5.

rotatingpipe fell below that in the stationarypipe, both the SSG and
IP models predict an enhanced turbulencelevel with increasedrota-
tion. The same phenomenonwas also observed by Shih et al.8 Here,
it should be recalled that the scaling of the turbulent kinetic energy
does not in� uence the results in Fig. 6 because the Reynoldsnumber
based on the mean bulk velocity is the same in the predictions and
in the experiments.

Finally, the substantial reduction of the structural parameter
ur uz=2k in Fig. 7 with increased rotation is well captured, espe-
cially by the SSG model. These results con� rm the � ndings of Yoo
et al.,2 namely, the existence of nonequilibrium turbulence in the
logarithmic layer.

Discussion
Frame indifference is an essential issue in the modeling of tur-

bulent � ows affected by centrifugal forces arising from streamline
curvature or Coriolis forces due to system rotation. The convec-
tive transport Ci j was included in the linear IP model for the rapid
pressure–strain process for the sake of generality, although it was
anticipated that its effect would be modest in the present case.
Pettersson et al.14 explored the in� uence of this particular term
by means of an explicit ARSM closure. By neglecting viscous and
turbulentdiffusion,it was observedthat the inclusionof Ci j in the IP
model reduced the effect of streamline curvature on the turbulence.
Moreover, that standard IP model (without convective transport)
differedonly marginally from the modi� ed model if the dimension-
less curvature parameter .Uµ =r/=.dUµ =dr/ > ¡0:1. Very recently,
Malin and Younis10 compared predictions of axially rotating pipe
� ow with and without Ci j included in the linear IP model in con-
junctionwith a conventionalSMC and observedthat the inclusionof
Ci j led to only a modest improvement of the circumferential mean
velocity.

It is noteworthy that both cubic models fail completely in the
present study at the high Reynolds numbers and, furthermore, that
the RLA model is unable to predict the rapidly rotating pipe � ow
even at low Reynolds numbers; cf. Table 2. This suggests that the
reason for the failure should be sought in the pressure–strain mod-
els. Figures 8a and 8b display the leading terms in the budget of
the important ur uµ component at N D 0:32 for the SSG and FLT
models, respectively.The magnitude of the relaxed pressure–strain
tensor (}rµ ) is signi� cantly overpredicted by the FLT model in the
logarithmic layer, whereas good agreement is obtained with the
SSG model. Closer examination of the individual terms in the FLT
pressure–strain model reveals that the major negative contribution
comes from the quadratic term .a2

i p Spj C a2
j p Spi ¡ 2

3 < a2S > ±i j /,
which has no counterpart in the SSG model. The cubic term, on
the other hand, makes a positive contribution to }rµ . This suggests
that the coef� cients associated with these terms could be altered
to make the model applicable also to higher rotation numbers. The
importance of the cubic term for � ows affected by centrifugal or
CoriolisforceshasbeenpointedoutbyFu et al.20 Becauseboth mod-

a)

b)
Fig. 8 Leading terms in the uruµ budget at Re¤ = 3:6 £ 102 and N =
0:32: symbols, DNS16; £ ; ¡ Crµ ; ¦; Prµ ; ; }rµ , scaled by u3

¤ ==2R; and
lines, model predictions.

els have the same tensorialbasis, it seems, however, somewhat puz-
zling that the RLA model completely fails, whereas the FLT model
produces reasonableresults in the low-Reynolds-numbercase. This
can most likelybe attributed to the fact that the RLA model employs
variable coef� cients, whereas the FLT model uses � xed (constant)
coef� cients. It is, however, very dif� cult to analyze the direct effect
of this difference due to the complexity of the models.

Consider instead the equilibrium solution of the ur uµ transport
equation, which can be written as

ur uµ

k
D ¡

u2
r

"

dUµ

dr

1 ¡ C2

C1

³
1 ¡ 2® ¡ 1

n

´
.11/

where the IP model is used for simplicity. It is furthermoreassumed
that u2

µ =u2
r ¼ ® and Uµ / r n.®; n > 0/. The model constants take

their standard values12 C1 D 1:22 and C2 D 0:6. Because both DNS
data and experimental results indicate that n ¼ 2; ur uµ > 0 only if
® 3

2 . Hence the separationbetween the circumferentialand radial
normal stress components seems crucial to reproduce the observed
distribution of the circumferential mean velocity because Uµ de-
pends directly on the sign of ur uµ ; cf. Eq. (10). It is interesting to
note that thepredicted® obtainedwith the FLT model is signi� cantly
larger than that returned by the RLA model in the nonrotatingcase.
This behavior is an indirect consequenceof the variable coef� cients
in the RLA model and provides a possible explanation of why the
FLT model performsbetter than the RLA model.Note, however,that
the results obtained with the RLA model in the nonrotatingcase are
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in better agreementwith the DNS data than the predictionsobtained
with any other pressure–strain model considered in this study.

Similarly, the equilibriumsolution of the uzuµ transport equation
can be written as

uzuµ

k
¼ ¡1 ¡ C2

C1

ur u z

"

1
r

d

dr
.Uµr / .12/

if the IP model is used and the assumption ur uµ ¿ ur uz is invoked;
cf. Fig. 4. It is thus clear from Eq. (12) that the model will return
uzuµ < 0, as was indeed the case in Fig. 4c, if the model constants
(C1 and C2 ) take their standard values. In addition, due to the un-
derlying assumption of local equilibriumturbulence, the sign of the
predicteduzuµ component is solely attributed to the pressure–strain
model. However, the sign of uzuµ could be altered by taking C2 > 1
or C1 < 0 but not without serious implications. It is furthermore in-
teresting that the � ow� eld in an axially rotating pipe resembles that
of the core of a free swirling turbulent jet, i.e., the region in which
dUµ =dr > 0. Younis et al.21 conductedSMC computationswith both
linear and nonlinear pressure–strain models of this particular case.
Interestingly enough, they reported that negative values of the uzuµ

component were predicted in the region close to the axis, i.e., op-
posite of that indicated by experimental results. It was observed,
furthermore,that a pressure–strain model that retainednonlinearel-
ements of the Reynolds-stresstensor (SSG) produced a lower level
of uzuµ than a linearmodel, i.e., fully in accordancewith the present
� ndings.

The preceding discussion makes it clear that the prediction of
negative shear stress uzuµ is a direct consequence of conventional
modeling of the pressure–strain process, and even the sophisticated
models used in the present study produce uzuµ < 0. It is particu-
larly noteworthy that the model predictions are consistent with the
measurements by Kikuyama et al.1 and Imao et al.6 in this respect,
whereas recentDNSs due to Eggels et al.16 and Orlandi and Fatica22

show the opposite, namely, that uzuµ is basically positive and ex-
hibits a distinct peak near the wall; cf. Fig. 4c. The substantial co-
variancebetween uz and uµ is most likelyassociatedwith the helical
pattern of the streamlines,16 which results in tilting of the coherent
structures in the near-wall region. Eggels et al.16 examined the uzuµ

budgetand found that generationof uzuµ occurs via pressure–strain
processes,whereas productionand convection terms are loss terms.
Thus, the pressure–strain term has the same sign as the shear stress
itself, therebysuggestingthat the commonlyused return-to-isotropy
model needs to be overcome by other model elements. Within the
framework of SMC modeling, the sign of uzuµ is essential because
this shear stress component indirectly affects the axial mean veloc-
ity Uz via the ur uz equation. Therefore, the contradictory � ndings
in the laboratory investigations1;6 (uzuµ < 0) and in the numerical
experiments16;22 (uzuµ > 0)needto be sortedout to assistany further
progress in the modeling of axially rotating pipe � ow.

Conclusion
The present study has shown that the novel wall treatment by

means of elliptic relaxation seems capable of capturing the impor-
tant near-wall effects in an axially rotating pipe � ow—a � ow that
imposes a challenging test for any turbulence closure. The elliptic
relaxation approach accounts for near-wall effects via the solution
of a linear equation, which can be used in conjunction with any
quasihomogeneous pressure–strain model, and thus avoids highly
nonlinear damping functions. The modeling of the pressure–strain
process is of crucial importance within the framework of Reynolds
stress transport modeling. It has been shown that a pressure–strain
model that retains terms quadratic in the Reynolds stresses, like the
SSG model, is most suitable to faithfully reproduce most of the
effects observed in axially rotating pipe � ow. Highly nonlinear (cu-
bic) pressure–strain models, on the other hand, fail severely in the
present case. It is � nally noteworthy that the particular gradient-
diffusion model adopted in the closure model seems to have only
minor in� uence on the results.
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